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Abstract When an insect carrying a non-
persistent virus punctures a plant it loses
part, or may be all, of its viral load. Using a
differential equation model, we show that this is
a critical factor affecting disease incidence levels
when crops are under annual production cycles.
Computer simulations suggest that relatively
low vector pressure at the beginning of planting
cycles decrease the disease progression. The
model provides also approximations to disease
incidences in subsequent plantings. Conditions
for incidences to decrease or increase in time are
supplied, which may be useful to assess the impact
of some control strategies.
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Introduction

The majority of viruses on plants depend on hav-
ing an efficient method of plant-to-plant dispersal
for their survival. Plant viruses generally rely on
specific types of vectors for their spread. The most
common plant virus vectors are arthropods, and
of these, the great majority are of the insect order
Hemiptera (Burnett and Kawchuk 2002; Ng and
Falk 2006). Plant viruses take advantage of the
highly invasive character of some vector species to
spread, (American Association for the Advance-
ment of Science 2007; Morales and Anderson
2001), causing outbreaks of viral diseases in veg-
etable crops every year, damaging world’s food
supplies and bio-fuel sources as well as causing
severe economic losses worldwide. For instance,
in the USA alone, crop diseases cause billions of
dollars in losses each year, mainly attributed to
invasive microorganisms, (Pimentel et al. 2000).
The processes of virus transmission between
plants and vectors have a high degree of com-
plexity, each case with its own biological char-
acteristics. The majority of plant viruses use the
non-circulative method of transmission. In this
method, viruses do not cross vector cell mem-
branes and are transported either on the vector’s
surface or within its mouth parts or foregut, (Gray
and Banerjee 1999; Nault 1997). Non-circulative
viruses are further classified into non-persistent
and semi-persistent. Viruses in the latter class
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remain in the vector foregut and are retained
for several days or weeks. Non-persistent viruses
however, attach to the vector stylet and are re-
tained just for several minutes or hours (usually
< 12 h), sometimes without latency time, as oc-
curs with the transmission of Copwea mild mottle
virus (CPMMV), (Muniyappa and Reddy 1983), a
type of Carlavirus transmitted by Bemisia tabaci.
Other examples of this type of viruses include Al-
famoviruses (transmitted by Myzus persicae) and
Machlomoviruses (transmitted by Diabrotica sp.),
among others, (Gray and Banerjee 1999; Morales
and Anderson 2001).

Although important technical advances in
molecular biology have been made in recent
years, the intricate process of transmission of non-
persistent viruses in plants has not been com-
pletely understood. Intense efforts have been
made studying the processes that lead to suc-
cessful virus transmission, inside plant cells and
within insect mouth parts, (Ng and Falk 2006).
For example, it was recently discovered, through
the use of electron microscopy, how the tip of the
maxillary stylets of aphids may carry Cauliflower
mosaic virus, (Uzest et al. 2007). Also, it has been
observed in experiments that the process of inoc-
ulation of non-persistent viruses is done in several
stages and takes just several seconds, after which
the virus load carried by the vector is completely
lost or, at least, significantly reduced, (Martin et al.
1997; Iwaki et al. 1982).

Even though the biology of the transmission
processes at the molecular level is complex, it is
possible to create mathematical models to simu-
late the dynamics of the disease at the population
level including relevant information from molecu-
lar phenomena. Our aim is to present a differen-
tial equation model which describes the dynamics
of the transmission of a non-persistent virus in
a plant population where vectors reduce or lose
their virus load after inoculation, as mentioned in
the previous paragraph. We found that this be-
comes important when the plant population is un-
der an annual production cycle. This scenario can
be observed, for instance, in soybean production,
where in general there is a three month period
between planting and harvesting. In tropical coun-
tries that produce soybean, appropriate weather
conditions allow these periodic production cycles
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within a year. Not long ago, a Carlavirus related to
CPMMYV damaged large areas of soybean planta-
tions in west central Brazil, (Almeida et al. 2005),
and recently another has been detected in Puerto
Rico, (Rodriguez et al. 2008).

The use of mathematical models to describe the
dynamics of diseases in populations, showing how
the infection spreads among susceptible individ-
uals, has been extensive in theoretical epidemi-
ology. The mathematical modelling approach is
successful in describing the spread of diseases in
human and animals. For vector-transmitted dis-
eases in plants, the models were inspired from
the work of malariologists at the beginning of
the 20" century. The first efforts in plant virus
disease modelling did not consider specific forms
of transmission characteristics, (Chan and Jeger
1994); however, subsequent models incorporate
vector population and epidemiological dynamics,
giving more adequate descriptions of disease de-
velopment. Although very general models can
be constructed, (Jeger et al. 1998; Madden et al.
2000), they have to be adjusted to specific disease
features due to specific biological characteristics.
An excellent review of differential equation mod-
els for plant virus spread can be found in Jeger
et al. (2004).

Materials and methods
Compartmentalisation

For modelling purposes we only consider the in-
teractions between plants and vectors, isolated
from the rest of the environment. Plants can be
classified as susceptible or infected. Similarly, vec-
tors can be classified as effective carriers (vectors
ready to transmit the virus) or virus-free. Some-
times a vector carrying the virus may be unable
to transmit the disease, because the virions were
ingested or suffered genetic mutations, (Gray and
Banerjee 1999). We will include these cases in
the virus-free state. Thus, we have divided both
populations, plants and vectors, in two compart-
ments each, where individuals may move from
one state to another. However, the flow between
compartments will be different in the two popu-
lations. The change from susceptible to infected
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plants will be considered irreversible, for instance,
Carlavirus may cause irreparable stem necrosis on
soybean. The symptoms include vein and petiole
necrosis, stunting, molting and seed malformation.
In severe infection, plants die before reproductive
stages, reducing seed production, (Almeida et al.
2005; Hartman et al. 1999; Rodriguez et al. 2008).
Vectors, playing the role of transporters, switch
their status between effective carriers and virus-
free as long as they live.

Modelling hypothesis

The life time of non-persistent viruses is short
if they are not able to find an appropriate host.
If inoculation is not made soon after acquisition,
the vector becomes virus-free, on average, after a
period of time 1/g. For non-persistent viruses this
time can vary from being very short, 30 min, to
several hours, (Jeger et al. 1998).

We suppose that susceptible and infected vec-
tors are homogeneously mixed among the hosts,
which are uniformly distributed in space; thus the
probability of each host receiving a bite from a
vector is the same for all of them. The rate at
which susceptible plants are infected, b, can be
described as b = h;jo T, where T is the average
time spent per visit on a plant, ;' is the mean
time an insect must feed on a plant for inoculation
to occur and o is the number of plants visited
per day per vector. Similarly, the rate at which
susceptible vectors are infected, a, can be written
asa = h,o f’, where h;l is the mean time an insect
must feed on a plant for aquisition to occur. Esti-
mated values for these parameters can be found in
Jeger et al. (1998), where h;, ~ 10° and 0 < o T <
0.02 for non-persistent viruses. We have assumed
that rates of acquisition and inoculation are equal
(Jeger et al. 1998; Madden et al. 2000; Zhang et al.
2000).

We represent the number of susceptible and
infected hosts at time ¢ with x(¢) and y(¢) respec-
tively. The number of virus-free vectors at time ¢
is z(t) and effective carriers, w(¢). For notational
convenience we write x, y, z, w instead of x(¢),
y(@®), z(®), w(t). We also incorporate the following
set of additional assumptions:

e The number of hosts is constant and equal to

K,i.e.x+ y = K for all times.

e The number of vectors has reached its satura-
tion level in the environment and is constant,
equal to M,i.e. z +w = M for all times. In real
contexts, fluctuations around this number are,
of course, expected. Local losses are assumed
always to be balanced by immigrants from the
same compartmental category.

e The age structure in the host and vector pop-
ulations is ignored.

e The existence of only one class of susceptible
(infected) vector and host.

e Susceptible hosts acquire the virus only
through the bite of an infected vector.

e Absence of latency periods in hosts.

The period for the crop production process (the
time between sowing and harvest) is denoted with
T. We assume the time between a harvest and
the next sowing as negligible. During this time,
a reduction in the vector population is expected,
due to the lack of an appropriate environment
for survival. However, we want to assess the sce-
nario where the vector population has a contin-
uous ideal environment to develop, because of a
large area of cropping, or because of the existence
of adjacent plantations, not necessarily the same
crop, that are able to sustain the vector population
during short lapses of time. Thus, the reduction in
the vector population may be thought as negligi-
ble. If the time between harvest and the next sow-
ing is sufficiently long, the vector population may
decrease substantially due to death or migration.
Our case study is, consequently, the worst case
scenario.

Flow between compartments

We now describe how the flow of individuals is
modelled between compartments. The amount of
susceptible hosts is reduced at a rate which is
proportional to the number of contacts between
the susceptible hosts and effective carriers present
at time t. Denoting the derivative of a function
with respect to time with /, we can express the
claim in mathematical terms using the differential
equation x’ = —b xy;, where b and M are the con-
stants defined above. In epidemiology this is called
standard incidence (Diekmann and Heesterbeek
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2000). The rate at which the group of susceptible
plants decreases is the same as the rate at which
the group of infected plants increases, giving
us the second equation, y’ = bxy;. The rate at
which the number of effective carriers changes is
composed of the rate at which virus-free vectors
puncture diseased plants and acquire the virus,
bz%, the rate at which effective carriers become
virus-free because the virus has not been inocu-
lated on time, —gw, and the rate at which effec-
tive carriers become virus-free because they lose
the virus load after puncturing a susceptible host,
—¢bx;, where ¢ represents the average fraction
of vectors that becomes virus-free. Thus, 7’ =
—bz% + ¢bxy; + gw and, similarly, w' = bz% —
¢bxy; — gw.

Because x = K — y and z = M — w, we can re-
duce the study of the four equations for x', y’, 7/
and w’ to the study of only two:

(K —

y =b(K —y) v (1)
;o _ y _ . w .

w =b(M—w)= — ¢b(K — y)— — gw. 2)

These are the governing equations in each cycle,
or in other words, when t # kT, k=0,1,2,....
At the time points of harvest, that is ¢t = kT, the
number of infected plants evidently reduces to
zero, that is, the infected population of plants has
a negative increment Ay = —A(f), where A(f) is
equal to the total amount of individuals at the
end of a cycle (see Appendix). We have defined
what is known as an impulse differential equation
of a simple type. The general theory for equa-
tions with impulses can be found, for example,
in Lakshmikantham et al. (1989). We can make
our equations to look simpler after replacing y =
y/K, W = w/M, re-scaling the time to f = bt and
dropping the hats:

v =0—-yw, (3)
w=>0-w)y—¢P1—y)w— Ow, @)
with P = K/M and Q = g/b.

Results

We can extract valuable information about the
system by solving our system numerically (see
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Appendix). In Fig. 1, we use parameter values
corresponding to the transmission of Carlavirus
by whiteflies among soybean plants to perform
computations with the model. Our interest is to
observe what will be the overall behaviour of
the disease incidence at the end of each cycle
of production. In (a), the incidences increase in
time, opposed to what happens in (b), where they
decrease. Figure 1 only shows computations along
three cycles, but the same phenomenon is seen
if we extend to a larger number of them. The
difference between the two figures is because in
(b) the solution was computed with a lower value
of vector population, M, than in (a). This suggests
the existence of a threshold value for the vec-
tor population, say M), that will cause increasing
incidences if M > M, and decreasing incidences
if M < M, (it is possible to rule out any other
kind of behaviour, see Appendix). Incidence of
the disease in plants becomes smaller if the vector
population is reduced. The best scenario is when
M = 0, which, in practice, could be a difficult goal
to achieve. However, by just reducing the value
of M under the threshold, without killing all the
vector population, it is possible to eventually drive
the disease to extinction. Therefore, we would like
to compute the threshold value M, or, at least, an
estimate, M,,. An approximation to the solution
of our model allows us to compute this estimate,
providing a condition for increasing disease inci-
dences in subsequent planting cycles:

T . T
p cosh (%) — Dsinh (%)
>

M.y = DT T
pe™ — 2w((k — 1)T) sinh (PT)

L5

where D=1+ ¢K/M+g/b and p*>= D*+4.
Figure 2a shows the graph of M,, depending on
the vector population M, computed for ¢ =1
and with the other parameters adjusted to values
corresponding to the transmission of Carlavirus
by whiteflies in soybean. The agreement with the
results in Fig. 1 is evident. However, it has to be
pointed out that these results have to be handled
with caution: we have neglected random pertur-
bations, and made approximations to the average
behaviour of the system.
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Fig. 1 Proportion of infected hosts (dashes) and infected
vectors (continuous line). a With values of K = 1, 000 and
M = 2,500 the sequence yy increases. b If M = 500 then
the monotonicity changes. For this figure, we used parame-

We can also infer from the model that the value
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ter values b = 1.93, 1/g = 30 min (Jeger et al. 1998), ¢ = 1,
wo = 0.01, and assume three periods of sowing-harvesting
of 90 days each. These parameter values correspond to
Carlavirus transmission by whiteflies in soybean

infect after a puncture, that is ¢ = 0, numerical
simulations are expected to show only increasing
incidences. In fact, in Fig. 2b, we have plotted
the values of M,, as a function of the vector

Fig. 2 a Plot of M, as function of the vector population M, ¢ = 1. b Dependence of M, on the values of ¢. For ¢ = 0 the
model predicts only increasing incidences. The other parameter values are the same as in Fig. 1
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population M and ¢, and for ¢ = 0, the value of
M, is bigger than one for all the positive values of
the vector population, implying increasing levels
of disease incidence in upcoming cycles.

In conclusion, the model suggests that a reduc-
tion of vector population, by insecticides, natural
predators or any other means, jointly with a short
production cycle with harvest and renewal of plant
population, may halt the amount of infected plants
growing at the end of each cycle, because the
virus is not able to spread fast enough to the
new generations of plants. If the vector population
is shortened to a level below the threshold, the
incidence may be reduced over consecutive cycles,
eventually driving the disease to extinction.

Discussion

In the proposed model we have made numerous
simplifying hypotheses. From these equations, we
determined that the disease-free state is always
sensitive to small perturbations (unstable), mean-
ing that the introduction of the pathogen, even
in small quantities, will start a disease outbreak.
Equation 1 tells us that the number of infected
plants, which begins at zero in each cycle, will
always increase. Our threshold quantity does not
determine if an outbreak will happen or not, as
does the well known basic reproduction number
in epidemiology. Instead, it tells us if the final size
in a cycle will decrease or increase relative to the
final size of the previous cycle. However, from the
simulations and the schematic Fig. 4, it is appar-
ent that once the process of reducing incidence
begins, it will continue. The threshold for each
cycle depends on w((k — 1)T), the final amount
of vector population at the end of the previous
cycle. For practical purposes, these numbers can
be approximated using field measurements and
parameter estimation techniques.

The study of the spread of vector-borne viruses
in annual or perennial crops with seasonal growth
is not new. For instance, in Madden and van den
Bosch (2002), conditions for invasion and persis-
tence of plant diseases due to the the introduction
of pathogens are studied carefully. Our equations
integrate, within this context, the vector’s dimin-
ished ability to transmit the virus after a puncture,
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suggesting that this fact may have a critical impact
on disease spread.

The model presented would help to assess the
impact that certain control measures applied di-
rectly to the vector population, like insecticide
application, may have on the incidence of the
disease on crops. In fact, an optimal insecticide
should reduce the vector population below the
threshold to guarantee a decreased incidence for
the next production cycle. The use of the model
can be extended to analyse other type of mea-
sures. For instance, whiteflies can show high levels
of resistance to several insecticide groups, in-
cluding pyrethroids (Morales and Anderson 2001;
Dennehy et al. 2005), allowing other pest man-
agement strategies, like oil application or virus
resistant cultivars, to be used instead. It is known
that spraying certain non-lethal oils may inhibit
the transmission of non-persistent viruses (Perring
et al. 1999). It is not completely clear if stylet
contact with the oil occurring during probing of
treated hosts may affect the virus attachment or
the release from stylets, or if the infection process
is impeded even though virus is transmitted. It
also has not been understood to what extent this
method could reduce the incidence. Our equa-
tions can be easily modified to integrate these
types of conditions and it would be possible to
obtain similar mathematical conditions that guar-
antee increasing or decreasing incidences in con-
secutive production cycles.

Appendix

Let T be the duration of the production cycle.
At the beginning of each period, the number of
infected hosts is to 0. Therefore, by integrating
Eq. 3 we obtain the number of infected plants at
time 7 in the k" period, k = 1,2, ...,

o) = {1 — e S ®ds gy e [k — )T, kT),

ift =kT.
(6)
Let y, be defined by

kT
yei= lim y() =1 — e Janrv®ds,
t—kT-
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Therefore, A(kT) = —yk. In Fig. 2 we observe how
the monotonicity of the sequence (yx) changes
in response to changes of the value P = K/M.
Essentially, if the number of hosts is constant,
the incidence at the end of each harvest can be
reduced if the number of vectors, M, is kept at
low levels, corresponding with what is expected
to happen in a real scenario. This fact is not cap-
tured by the model if the term ¢ P(1 — y)w is not
included.

For practical purposes, it makes sense only to
study the set Q ={(w,y):0<w <1,0<y <1},
which is invariant. The system without impulses
has only two equilibria, E, = (0,0) (unstable)
and E; = (1/(1+ Q), 1) (stable). Solving for w
in Eq. 3 and replacing it in Eq. 4 produces the
following second order nonlinear equation for the
k™ time interval of length T,

1
y”—!—(——(¢P—l)y+¢P+Q)y/—y=0,

with y((k—1)T) =0 and y'((k— 1DT) =w((k —
DT),k=1,2,.... Aclosed solution of Eq. 7 seems
difficult to achieve. However, our interest is on
the monotone nature of the sequence (yx), the
infected plant proportion at the end of each pro-

-y
(7)
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Fig.3 Solutions to the model equations (dashes) and to the
approximate differential equation (continuous line). The
parameter values are the same as in a and b in Fig. 2.

duction cycle. We consider instead a differential
equation which approximates Eq. 7, with the se-
quence of points at the end of each cycle having
the same monotonicity as the sequence (yi). For
small values of y, and for periods of time 7" not too
large, our approximation is obtained from Eq. 7 by
eliminating the terms of order higher than two,

(8)

where D =14 ¢ P+ Q. Contrary to Eq. 7, the
solutions of this equation are easy to obtain and
have an apparent closeness at the beginning of

stages to the numeric solutions of Eq. 7, see Fig. 3.
Let y and Y be solutions of Egs. 7 and 8 respec-
tively, then, from Eq. 3, Y'((k—DT) ~ y'((k—

=
-
8]
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For both the final incidences have the same monotone
character; the agreement between the curves is reasonable
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DT) =w((k—1)T), and the solutions of Eq. 8 in
the k”* time interval are given by:

<n0=EM&—UTy%WWMD
P

% sinh (g(z— (k — l)T)),

teltk—DT, kT), )
with p? = D? + 4. Therefore, defining
2 T
Yy = lim Y()==w((k—1)T)e~ %" sinh 2=,
t—kT- 1% 2
(10)
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Fig. 4 Schematic representation of solution paths on the
wy-plane. a The time T is not enough to reach the line
w = w((k — 1) T, causing the next path to start on the left
of w((k — 1)T) and implying yi+1 < yi. b The sequence is
constant when the starting and endpoint of the path are
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we see that the three differences, yiii — Vi,
Yii1 — Yr and w(kT) — w((k — 1)T) should have
the same sign for any k, so if one of the three
sequences (yx), (Yx) and (w(kT)) is monotone so
are the other two, being the three of them in-
creasing or decreasing. Figure 4 shows a schematic
picture of some trajectories on the phase plane
which illustrate how it is possible to obtain in-
creasing or decreasing sequences when the initial
proportion of infected vectors is <1/(1 + Q). If
the time t required for a trajectory to cross the
line w =w((k —1)T) in the wy-plane is larger
(shorter) than T then the starting point of the

b 12 T T T T T T - -
(1(1+2Q,1)

~ =]

~ e ]

5 o omg e
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b T e

\-\ \\\\ . P
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in the same horizontal position. ¢ When the path crosses
w = w((k —1)T the starting point of the next path is on
the left of starting point of the previous path. As a conse-

quence, Yii1 < Yk
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next trajectory will be to the left (right) of w((k —
1)T) and consequently the monotonicity of (yx)
can be determined. This is exactly the situation
observed in Figs. 2a and b. If the initial proportion
of infected vectors is >1/(1 + Q) then, initially,
there will be a reduction in the infected vector
population eventually reducing this case to the
one previously mentioned. Because Y (¢) =~ y(¢),
we can write

Yo
Therefore, the inequality
. Y'(0)

may be used as a condition to anticipate if the
position of the final endpoint corresponding to the
k™ path will be to the right of the starting point.
This condition can be rewritten as

T . T
p cosh (”7) — Dsinh (”7)

p&¥—2w«k—DTmth§)

> 1, (13)

and can be thought of as a condition determining
that the spread of the disease will increase during

the next cycle. Similarly,
. Y'(n)
lim ——— -nHT 14
dm Ty < W& DD, (14)

or the corresponding expression analogue to
Eqg. 13 with the inequality reversed, indicates that
the spread of the disease will decrease in the next
cycle.
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